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Abstract: In this paper, we address the issues of passivity, feedback equivalence and stability for switched nonlinear systems via a
multiple storage function method. Since the storage function of each subsystem may jump at the switched on time sequences, we
present a concept of generalized passivity for switched systems by multiple storage-like functions. Based on this, the conditions
for the passivity of switched nonlinear systems is given. Furthermore, the problem of feedback passivation and the passivity-
based stability of switched nonlinear systems are investigated.
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1 Introduction

Passivity, which was firstly introduced by Willems in

1972[1], is an important property of nonlinear systems[2, 3].

Generally speaking, passivity means that the energy dissi-

pated inside a dynamical system is no more than the energy

supplied outside the system, and passivity is described by the

storage function and the supply rate in terms of the input and

output of the system[4]. In fact, passivity has its physical

meaning and appears in engineering practice. Furthermore,

passivity is a powerful tool to stabilize nonlinear systems for

two reasons[5, 6]. Firstly, the storage function induced by

passivity is a good candidate Lyapunov function which can

be used to analyze the Lyapunov stability of nonlinear sys-

tems. Secondly, according to the property that the intercon-

nection of passive systems is still passive with respect to the

inputs and the outputs of both the passive systems, passivity

gives rise to stabilization result of interconnected systems.

On the other hand, a switched system is a special hybrid

system, which is consisting of the continuous and discrete

dynamics[7]. In the real world, it is more practical that some

events are modeled by switched systems, so the study on

switched systems is more meaningful. In recent decades,

switched systems have earn extraordinary attention and have

been studied by the researchers from all over the world. The

focuses of the researches on switched systems are entirely

on stability analysis, stabilization, the H∞ control problem,

tracking and so on. Also, the methods used in the study of

switched systems are various. A common Lyapunov func-

tion technique is a method that seeking a common Lyapunov

function for all the subsystems and solving the problems

under arbitrary switching law[7, 8]. Sometimes, the com-

mon Lyapunov function is difficult to find or even might

not exist. So, the multiple Lyapunov function method is

more practical to overcome the shortcoming of the common

Lyapunov function method, and it solves the problems for

switched systems under certain switching law[9, 10]. Anoth-
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er method is the average dwell time technique and it solves

the problems for switched systems under a class of switching

law[11]. The three methods mentioned above are the prima-

ry ones, and there are several other techniques based on these

in resent years[12, 13].

As mentioned earlier, passivity is an important property

and a powerful tool for non-switched nonlinear systems[14–

18], it is also useful for the study on switched nonlinear

systems. More and more researches are worked on passiv-

ity and the passivity-based control problem about switched

systems and hybrid systems[19–21]. Passivity analysis and

passification of discrete-time hybrid systems were investi-

gated via piecewise polynomial storage functions in [22].

Zhao and Hill have given a framework of dissipativity the-

ory for switched systems using multiple storage functions

and multiple supply rates in [23], and have presented a con-

cept of passivity of switched nonlinear systems and studied

the passivity-based stability via multiple storage functions in

[24].

As we known, passivity of a non-switch systems is de-

scribed by a storage function and a supply rate. But for

a switched system, each subsystem may have its own s-

torage function, and the storage functions may jump at the

”switched on” time sequences. This could cause the discon-

tinuity of the storage function of the switched system, and

the classic passivity may not be achieved. Therefore, it stil-

l obtains a generalized passivity of switched systems with

multiple storage functions by relaxing the passivity inequal-

ity, and this passivity under certain switching law is still use-

ful for stabilization of switched nonlinear systems. The idea

is motivated by the stability of switched nonlinear systems

via a generalized multiple Lyapunov function method [13].

In this paper, we investigate passivity of switched nonlin-

ear systems with multiple Lyapunov functions under certain

switching law. Furthermore, we give the conditions under

which a switched nonlinear system is feedback equivalent to

a passive system under some switching law. Next, we study

the relation between stability and this kind of passivity of

switched nonlinear systems.

The remainder of this paper is organized as follows. Sec-

tion 2 gives problem formulation and preliminaries. Section
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3-5 present the main results. Conclusions are finally given in

Section 6.

2 Preliminaries

Consider a switched nonlinear system consisting of M
subsystems,

ẋ = fσ(t)(x) + gσ(t)(x)uσ(t),

y = hσ(t)(x), (1)

where x ∈ Rn is the system state, u, y ∈ Rm are the sys-

tem input and output, respectively. σ(t) : [0,∞) → M̄ =
{1, ...,M} is the switching law, which is a piecewise right

continuous function of time and/or state. fi(x), gi(x) and

hi(x), i ∈ {1, ·, N} are functions from Rn to Rn, from

Rn to Rn and Rn to Rm with fi(0) = 0 and hi(0) = 0.

The switching law σ(t) can be characterized as the follow-

ing switching sequence

Σ =
{
xt0 ; (i0, t0), (i1, t1), · · · , (ik, tk), · · · , |ik ∈ M̄,

k ∈ N} , (2)

in which t0 is the initial time, and xt0 is the initial state.

When t ∈ [tk, tk+1) , the ik-th subsystem is active.

The objective of this paper is to investigate passivity of

switched nonlinear systems via multiple storage functions

under some switching law. Since each subsystem has one’s

own storage function, switching among the subsystems may

cause the jump of the storage function on the ”switched

on” time sequences. Thus, the classic passivity may not be

achieved by switching. However, passivity under the switch-

ing law can be obtained and it is still meaningful for the sta-

bility analysis and the stabilization problem of switched non-

linear systems as the classic passivity. Therefore, we study

the relation between the passivity under some switching law

and the stability of switched nonlinear systems. Meanwhile,

we try to find the conditions under which a switched sys-

tem is equivalent to a switched passive system by feedbacks

using storage functions.

We firstly give the definition of passivity under the switch-

ing law.

Definition 1. For the system (1), it is said to be pas-

sive under the switching law σ(t) in [0,∞) × Rn if there

exists a positive semi-definite function S(σ(t), x(t)) with

S(σ(t), 0) = 0 for any t, such that the following inequali-

ty holds,

S(σ(t), x(t))− S(σ(s), x(s))

≤
∫ t

s

hT
σ (x(τ))uσ(x(τ))dτ + μ(x0),

∀uσ, 0 ≤ s ≤ t < ∞. (3)

where μ(·) is a continuous function. The positive semi-

definite function S(σ(t), x(t)) is called the storage function.

When μ(x0) = 0, this generalized passivity property is

the same as passivity defined in [20] for switched systems.

In this paper, we consider passivity under the switching

law via the storage functions of the subsystems. Next, pas-

sivity of the subsystems when they are active is given[25].

Let Si, i ∈ {1, ...,M} be positive semi-definite functions. If

the i-th subsystem satisfies the following inequality,

Sik(x(t))− Sik(x(s)) ≤
∫ t

s

hT
i (x(τ))ui(x(τ))dτ,

∀ui, k = 0, 1, 2, ..., tk ≤ s ≤ t < tk+1, (4)

Si is called storage-like function for the i-th subsystem, and

(4) means that passivity is achieved when the i-th subsystem

is active for the k-th time.

3 Passivity under some switching law

In this section, we analyze passivity under some switching

law for the switched nonlinear system by storage-like func-

tions of the subsystems.

Theorem 1. Suppose that there exist positive semi-

definite smooth functions Si(x), i ∈ M̄ , and function-

s λij(x) ≤ 0, smooth functions μij(x), i, j ∈ M̄ with

μij(0) = 0 and μii(x) = 0, such that for all ui,

Lfi(x)Si(x) +
M∑
j=1

λij(x)(Si(x)− Sj(x) + μij(x))

≤ 0, (5)

Lgi(x)Si(x) = hT
i (x), i ∈ M̄, (6)

Lfi(x)μij(x) ≤ 0, Lgi(x)μij(x) = 0, i, j ∈ M̄, (7)

μij(x) + μjk(x) ≤ min{0, μik(x)}, ∀i, j, k, (8)

then the system (1) is passive under some switching law in

the sense of Definition 1.

Proof. When Si(x) − Sj(x) + μij(x) ≤ 0, ∀j, (5) and

(6) give that

Lfi(x)Si(x) + Lgi(x)Si(x)ui(x)− hT
i (x)ui(x) ≤ 0,

∀ui. (9)

Let

Ωi = {x|Si(x)− Sj(x) + μij(x) ≤ 0, j ∈ M̄},(10)

Ω̃ij = {x|Si(x)− Sj(x) + μij(x) = 0}, i �= j. (11)

Next, we show
M⋃
i=1

Ωi = Rn. Suppose it is not true, there

exists x ∈ Rn, satisfying that x /∈ Ωi, ∀i. Then, there exists

a sequence i1, i2, · · · , ip, and ip+1 is regarded as i1, such that

Sik(x)− Sik+1
(x) + μikik+1

(x) > 0, k = 1, · · · , p. (12)

On the other side, according to (8),

p∑
k=1

(Sik(x)− Sik+1
(x) + μikik+1

(x))

≤ μi1i2(x)) + μi2i3(x)) + · · ·+ μiqi1(x))

≤ min{0, μi1i1(x)} ≤ 0, (13)

this contradicts (12).

1806



Next, we prove that system (1) is passive under some

switching law. Design the switching law as follows

σ(t) =

⎧⎪⎪⎨
⎪⎪⎩

i, if σ(t−) = i and x(t) ∈ Ωi,

min arg{Ωj |x(t) ∈ Ωj}, if σ(t−) = i

and x(t) ∈ Ω̃ij .

(14)

For t > tk > t0, according the switching law (14), the

switching sequence is {(t0, i0), (t2, i2)..., (tk, ik)}.

Sσ(t)(x(t))− Sσ(t0)(x(t0))

= Sik(x(t))− Si0(x(t0))

= Sik(x(t))− Sik(x(tk))

+
k−1∑
l=0

(Sil(x(tl+1))− Sil(x(tl)))

+
k∑

l=1

(Sil(x(tl))− Sil−1
(x(tl))) (15)

≤
∫ t

t0

uT
σhσdτ +

k∑
l=1

(μil−1il(x(tl))

≤

⎧⎪⎨
⎪⎩

∫ t

t0
hT
σuσdτ, if k is odd,

∫ t

t0
hT
σuσdτ + μi0i1(x0), if k is even.

Thus, the system (1) is passive under some switching law

(14).

Corollary 1. Consider the switched linear system with M
subsystems as following

ẋ = Aσx+Bσuσ,

y = Cσx, (16)

there exist positive definite quadratic functions Vi(x) =
xTPix, quadratic functions μij(x) = xTQijx and constants

λij , such that,

PiAi +AT
i Pi +

M∑
j=1

λij(Pi − Pj +Qij) ≤ 0,

BT
i Pi = Ci, i = 1, 2, · · · ,M, (17)

QijAi +AT
i Q

T
ij ≤ 0, QijBi = 0, i, j ∈ M̄, (18)

Qij +Qjk −Qik ≤ 0, ∀i, j, k, (19)

Qij +Qjk ≤ 0, ∀i, j, k. (20)

Then, the system (16) is passive in sense of Definition 1.

4 Feedback equivalence

We have introduced that passivity is an important proper-

ty of systems. But, not all the switched nonlinear systems

are passive. So, it is much meaningful to transform a non-

passive system to a passive system. In this section, we study

the conditions under which a switched nonlinear system is

feedback equivalent to a passive system under some switch-

ing law.

Consider a switched nonlinear systems consisting of M
subsystems, which are described as

ẋ = fi(x) + gi(x)ui, ui ∈ Rm,

y = h(x), y ∈ Rm,

1 ≤ i ≤ M. (21)

The switched nonlinear system is said to be feedback e-

quivalent to a passive switched system under some switch-

ing law, if there exist state feedback ui = αi(x) + βi(x)vi ,

such that the closed-looped subsystems

ẋ = fi(x) + gi(x)αi(x) + gi(x)βi(x)vi,

y = h(x),

1 ≤ i ≤ M, (22)

satisfy the passivity inequality (3) with the new input vi and

the output y under some switching law.

Theorem 2. Suppose the following assumptions hold,

A1. the matrix Lgih(x) is nonsingular for each x ∈ X ,

A2. there exists coordinate transform z = η(x), z ∈
Rn−m, such that Lgi

j
η(x) = 0 , where gi = [gi1, ..., g

i
m] ,

1 ≤ i ≤ M, 1 ≤ j ≤ m,

A3. for the zero dynamics of the subsystem z = qi(z),
there exist positive definite smooth functions Wi(z), i ∈ M̄
with Wi(0) = 0, and functions λij(z) ≤ 0, smooth func-

tions μij(z), i, j ∈ M̄ with μij(0) = 0 and μii(z) = 0, such

that for all ui,

Lqi(z)Wi(z) +

M∑
j=1

λij(z)(Wi(z)−Wj(z) + μij(z))

≤ 0, i ∈ M̄, (23)

Lqi(z)μij(z) ≤ 0, i, j ∈ M̄, (24)

μij(z) + μjk(z) ≤ min{0, μik(z)}, ∀i, j, k. (25)

Then, the system (21) is feedback equivalent to a passive

system under some switching law.

Proof. By the coordinate transform y = h(x) and z =
η(x), the subsystem (21) is transformed to

ż = Lfiη(x) + Lgiη(x)ui,

ẏ = Lfih(x) + Lgih(x)ui,

1 ≤ i ≤ M. (26)

Accordingly, under the assumptions A1-A2, (26) is repre-

sented by the following normal form [3]

ż = qi(z, y),

ẏ = bi(z, y) + ai(z, y)ui,

1 ≤ i ≤ M, (27)

where

z = qi(z, y) = qi(z) + pi(z, y)y. (28)

We choose the storage-like functions as

Si (z, y) = Wi(z) +
1

2
yT y. (29)
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The controllers are designed as follows

ui = a−1
i (z, y)

[
− (

Lpi(z,y)Wi(z)
)T − bi(z, y) + vi

]
. (30)

According to (23),

Ṡi(z, y) = Lqi(z)Wi(z) + Lpi(z,y)Wi(z)y

+y(bi(z, y) + ai(z, y)ui)

= Lqi(z)Wi(z) + yT vi

≤ −
N∑
j=1

λij(z)(Wi(z)−Wj(z)

+μij(z)) + yT vi. (31)

The state space is divided as follows,

Ωi = {z|Wi(z)−Wj(z) + μij(z) ≤ 0, j ∈ M̄},(32)

Ω̃ij = {z|Wi(z)−Wj(z) + μij(z) = 0}, i �= j. (33)

and design the switching law,

σ(t) =

⎧⎪⎪⎨
⎪⎪⎩

i, if σ(t−) = i and z(t) ∈ Ωi,

min arg{Ωj |z(t) ∈ Ωj}, if σ(t−) = i

and z(t) ∈ Ω̃ij .

(34)

The rest of the proof is similar to that of Theorem 1. Ob-

viously, the system (21) is feedback equivalent to a passive

system under the switching law (34).

Remark 1. In [3], the conditions are given under which a

nonlinear system is feedback equivalent to a passive system.

If there exists only one subsystem and no switching occurs,

the conditions in Theorem 2 is the same as those in [3] for

the non-switched system.

Remark 2. The result in Theorem 2 is still established for

switched linear systems, and is similar to that of Corollary 1.

Here we do not tired described.

5 Passivity and Stability

In this section, we study the relation between stability and

passivity under certain switching law for switched nonlinear

systems. As we known, passivity is an useful tool to stabilize

the non-switched systems. Similarly, stability of switched

nonlinear systems can also be achieved by passivity under

certain switching law in sense of Definition 1.

Theorem 3. Suppose that the system (1) is passive in

sense of Definition 1 with positive definite storage function

S(σ(t), x(t)), and μ(·) : [0,∞) → [0,∞) in (3) is increas-

ing and right continuous at the origin with μ(0) = 0. Then,

the origin of the system (1) with u = 0 is stable.

Proof. We notate S(σ(t), x(t)) = Si(x(t)) when σ(t) =
i.

The passivity inequality described by (3) with u = 0 im-

plies that,

(i) Si(x(tik+1
))− Si(x(ti1)) ≤ μ(x0), i = 1, · · · ,M,

k ≥ 1;

(ii) Si(x(t)) ≤ Si(x(tik)) + μ(x0), tik < t ≤ tik+1,

i = 1, · · · ,M, k ≥ 1.

Then, we can see that (i) and (ii) satisfy the conditions in

[13], under which the Lyapunov stability of the system (1)

with u = 0 can be proved.

Next, we consider the stabilization problem of the

switched nonlinear system via passivity in sense of Defini-

tion 1.

Theorem 4. Suppose the system (1) is passive in

sense of Definition 1 with positive definite storage function

S(σ(t), x(t)), and μ(·) : [0,∞) → [0,∞) in (3) is increas-

ing and right continuous at the origin with μ(0) = 0. Then,

the system (1) is stabllized by u = −φi(y), i = 1, · · · ,M ,

where φi(y) is continuous functions with φi(y)y ≥ 0.

Proof. The proof is similar to that of Theorem 3.

Remark 2. As given in [26], stability of switched

systems can imply asymptotical stability in addition to the

small-time norm observability. In the same way, under

the conditions of Theorem 4 together with the small-time

norm observability, switched systems can be asymptotically

stabilized by u = −φi(y), φi(y)y ≥ 0.

6 Conclusions

This paper has investigated passivity, feedback equiva-

lence and passivity-based stabilization for switched nonlin-

ear systems with multiple storage functions. When each sub-

system has its own storage function satisfying the passivity

inequality during the switching interval, the storage func-

tions may jump at the ”switched on” time. Based on this,

a generalized passivity of switched nonlinear systems under

certain switching law is achieved. Furthermore, the condi-

tions for feedback equivalence to a passive switched system

are given. Finally, passivity-based stabilization of switched

nonlinear systems is studied.
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